We present the exact closed-form expression for the partition function of a dimer model on a generalized finite checkerboard rectangular lattice under periodic boundary conditions. We investigate three different sets of dimer weights, each with different critical behaviors. We then consider different limits for the model on the three lattices. In one limit, the model for each of the three lattices is reduced to the dimer model on a rectangular lattice, which belongs to the c = −2 universality class. In another limit, two of the lattices reduce to the anisotropic Kasteleyn model on a honeycomb lattice, the universality class of which is given by c = 1. The result that the dimer model on a generalized checkerboard rectangular lattice can manifest different critical behaviors is consistent with early studies in the thermodynamic limit and also provides insight into corrections to scaling arising from the finite-size versions of the model. 
Here we focus on the dimer model on a checkerboard lattice 48 (see Fig. 1 ), a setup which provides a tool to study the evolution 49 of physical properties such as system transits between different 50 * ab5223@coventry.ac.uk; izmail@yerphi.am; izmailan@phys. sinica.edu.tw † huck@phys.sinica.edu.tw ‡ r.kenna@coventry.ac.uk geometries. The checkerboard lattice is a simple rectangular 51 lattice with anisotropic dimer weights x 1 , x 2 , y 1 , and y 2 . Each 52 weight a is simply the Boltzmann factor e −E a /kT for a dimer 53 on a bond of type a with energy E a . There are three possible 54 classifications of the dimer weights on the bonds of the lattice 55 shown in the Fig. 1 . We denote them as checkerboard lattices 56 A, B, and C. Using Baxter's method [29] of converting the 57 dimer model into a vertex model, Wu and Lin [30] have shown 58 that the dimer model on the checkerboard lattice B can be 59 converting to the staggered ice-rule model with some set of 60 vertex weights. Using Baxter's method one can also show 61 the equivalence of the checkerboard lattices A and C to the 62 staggered ice-rule model with different sets of vertex weights. 63 The dimer model on the checkerboard-A lattice was first 64 introduced by Kasteleyn [31] , who showed that the model 65 exhibits a phase transition. Since Kasteleyn did not publish the 66 exact expression for the partition function, and since it has not 67 been given in the existing literature, we supply it here for finite 68 2M × 2N lattices with periodic boundary conditions using the 69 Pfaffian method. Additionally, we present the exact solutions 70 for the dimer model on checkerboard-B and checkerboard-C 71 lattices using the Pfaffian method. The latter solution recovers 72 that of Cohn, Kenyon, and Proop [32] in the case M = N . Another checkerboard lattice is the so-called generalized-K 74 model [33, 34] , which is characterized by two parameters x and 75 y. This can be considered as a special case of checkerboard-B 76 and checkerboard-C lattices for the case x 1 = x 2 = x, y 2 = 1, 77 and y 1 = y and we investigate this limit also.
78
About 50 years ago Kasteleyn [31] introduced the dimer 79 model on an anisotropic honeycomb lattice. This has been 80 called the K model [35] , or the K 1 model in our notation. 81 We should emphasize that the dimer model on an anisotropic 82 honeycomb lattice at the critical point has anisotropic scaling. 83 The anisotropic honeycomb lattice can be described as a 84 bricked structure (see Fig. 2 ) and the bonds in three principal 85 directions have activity x 1 , x 2 , and y 1 . There is another possible 86 arrangement of the bonds in the principal directions, namely, 87 the bonds having activity y 1 in one direction, while in the other 88 two directions the bonds have activities x 1 and x 2 alternately. 89
Checkerboard B
Checkerboard C Checkerboard A the testing of theories of CI-Ising crossover [42] .
107
The K 1 and K 2 models with x 1 = x 2 = x can be considered checkerboard-A lattice is equal to zero, the partition function 119 reduces to that for the dimer model on the one-dimensional 120 strip. When one of the weights x 1 or x 2 on the checkerboard-B 121 lattice is equal to zero the partition function again reduces to the 122 partition function for the dimer model on the one-dimensional 123 strip. But when one of the weights y 1 or y 2 is equal to zero 124 the partition function for the checkerboard-B model reduces to 125 the partition function for the dimer model on the honeycomb 126 lattice-the so called K 2 model (see Fig. 2 ). And for the case 127 when one of the weights x 1 , x 2 , y 1 , or y 2 is equal to zero the 128 partition function for the checkerboard-C model reduces to 129 the partition function for the dimer model on the honeycomb 130 lattice, the so-called K 1 model (see Fig. 2 ).
131
Thus and as was first pointed out in studies directly in 132 the thermodynamic limit [26, 29, 30] the dimer model on 133 the checkerboard-B and checkerboard-C lattices can show 134 two different types of critical behavior, depending on the 135 parameters (weights) of the model. One critical behavior is 136 typical for the Kasteleyn universality class with the central 137 charge c = 1 and another is typical for the universality class 138 with c = −2, while the dimer model on the checkerboard-A 139 lattice exhibits the critical behavior typical for the universality 140 class with c = −2.
141

II. THE GENERALIZED FINITE
142
CHECKERBOARD MODEL
143
The partition function for the dimer model on the checker-144 board lattice can be written as
where N a is the number of dimers of type a and the summation 146 is over all possible dimer configurations on the lattice. Let 147 us consider a 2M × 2N rectangular lattice with periodic 148 boundary conditions in both the horizontal and vertical 149 directions. It is well known that the partition function for a 150 planar dimer model with periodic boundary conditions can be 151 expressed as a linear combination of four Pfaffians [43] : PHYSICAL REVIEW E 00, 002100 (2015) the determinants
and the matrix λ(φ α,n ,φ β,m ) is given by [44] 157
Here, the variables φ α,n and φ β,m are given by
and the matrices a(u 1 ,u 2 ) are defined in the following sections.
159
Our main results can be summarized as follows. We find 160 that the partition function for the dimer model on checkerboard
161
lattices under periodic boundary conditions is given by
where
partition functions with twisted boundary conditions, which,
164
for the checkerboard A model are given by
for the checkerboard B model are given by
and for the checkerboard C model are given by
where φ α,n and φ β,m are given by Eq. (3) and
In the next three sections, we derive these main results for 169 checkerboards A, B, and C, respectively.
170
III. CHECKERBOARD-A MODEL
171
The dimer model on the checkerboard-A lattice was 172 first introduced by Kasteleyn who showed that the model 173 exhibits a phase transition [31] . However, Kasteleyn never 174 published the exact expressions for the partition function of 175 that model, so we do so here for the case of periodic boundary 176 conditions.
177
Orient the lattice edges as shown in Fig. 1 for which it is 178 known [45] that the Kasteleyn clockwise-odd sign rule [43] 179 is satisfied. Let us divide the lattice into (non-overlapping) 180 unit cells, each of four lattice sites as shown in Fig. 1 
Matrix a (1, 0) corresponds to the bonding between two points 193 in a given unit cell and the one to the right: Similarly a(0,1) corresponds to the bonding between two points in the given unit cell and the one above it:
We note also that a(−1,0) = −a T (1,0) and a(0, − 1) = −a T (0,1 
where λ(φ α,n ,φ β,m ) is given by Eq. (2):
In matrix form λ(φ α,n ,φ β,m ) can be written as 
in which t 2 and z 2 are given by Eq. (8) . With the help of the identity [46] 207 Z α,β can be transformed into a simpler form,
where ω 1 (k) = arcsinhz √ t 2 + z 2 sin 2 k.
209
The free energy per site βF is defined as
where S is the area of the lattice, Z is the partition function, and β = k B T with Boltzmann constant k B and temperature T .
211
From Eqs. (4) and (12) one can derive free energy per site for the dimer model on the checkerboard-A lattice in the form
The dimer model on the checkerboard-A lattice therefore has a singularity at t = 0 for t = 0 (
when the partition function reduces to the partition function on the rectangular lattice with uniform weights given by Eq. (4) with
Recently it has been shown that this dimer model on the rectangular lattice with uniform weights belongs to the c = −2 216 universality class [24, 25] .
217
IV. THE CHECKERBOARD-B MODEL
218
Let us now consider the dimer model on the checkerboard-B lattice. The unit cell is depicted in Fig. 1 . 4 sin 
The free energy per site βF for the dimer model on the the checkerboard-B lattice can be written in the form
As for the case the checkerboard-A model, the partition function for the checkerboard-B model has a singularity at t = 0. Again 
236
Then the partition function with twisted boundary conditions given by Eq. (21) can be rewritten as
For even M one can use the identity
and rewrite Eq. (24) in another equivalent form,
Then the free energy per site βF in the thermodynamic limit can be written in the form
Note that our result for the free energy for the K 2 model recovers the results of Ref. [33] . There it was shown that the K 2 241 model exhibits a KDP-type phase transition at y 1 = x 1 + x 2 , x 1 = y 1 + x 2 , or x 2 = y 1 + x 1 , and the second derivatives of the 242 free energy in the {x 1 ,x 2 ,y 1 } space exhibit an inverse-root singularity near the phase boundaries.
243
To summarize, the dimer model on the checkerboard-B lattice exhibits two different types of critical behavior; one is 244 characteristic of the c = −2 universality class and another critical behavior is typical for c = 1.
245
V. THE CHECKERBOARD-C MODEL
246
Let us now consider the dimer model on the checkerboard-C lattice. The unit cell is again depicted in Fig. 1 . We obtain
in which 
where (α,β) = (0,0),(0,1/2),(1/2,0),(1/2,1/2).
253
The free energy per site βF for the dimer model on the the checkerboard-C lattice can be written in the form
Note that our result for the partition function for the checkerboard-C model for the case M = N reproduces the result of 255 Cohn, Kenyon and Proop [32] . In our notation, that result reads as 
The only difference is the sign inside the brackets (see Eqs. (7.7) and (7.8) of Ref. [32] ). It is easy to see that for even N the given by Eq. (35).
260
As for the case of the checkerboard-A and checkerboard-B models, the partition function for the checkerboard-C model has 
Then the free energy per site βF for the dimer K 1 model can be written in the form 
The K 1 model has been studied in detail in Refs. [37, 38] . There it was shown that the K 1 model also exhibits a KDP-type phase transition at y 1 = x 1 + x 2 , x 1 = y 1 + x 2 , or x 2 = y 1 + x 1 , where the specific heat has a square-root singularity near the phase boundaries.
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Thus as in the case of the dimer model on the checkerboard- Thus, the dimer model on the checkerboard-B and 293 checkerboard-C lattices can show two different critical behav-294 iors, depending on the parameters (weights) of the model. In 295 one limit the model reduces to the dimer model on a rectangular 296 lattice, which belongs to the c = −2 universality class. In 297 another limit it reduces to the anisotropic Kasteleyn model on a 298 honeycomb lattice, which belongs to another universality class 299 with c = 1. The result that the dimer model on a generalized 300 checkerboard rectangular lattice can manifest different critical 301 behaviors is consistent with early studies in the thermodynamic 302 limit [26, 29, 30] . 
